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UPPER EVALUATION OF POWER OF SURFACE 

FORCES WITH DEFORMATION OF A MEDIUM 

WITH A LIMITED INTENSITY OF TANGENTIAL 

STRESSES 

G.  V .  I v a n o v  UDC 539.3 

We consider  a med ium in which the in tensi ty  of the tangential  s t r e s s e s  cannot exceed a given value.  In 
other  respects~ the med ium is  a r b i t r a r y :  The connection between the s t r e s s e s  and the deformat ions  can be 
a r b i t r a r y ;  speci f ica l ly ,  the deformat ion  can be accompanied  by a breakdown of the continuity ( f rac ture) .  With 
the deformat ion  of such a medium,  the power  of the fo rces  a t  that pa r t  of the su r face  where  the ve loc i t ies  
a r e  given can be evaluated f r o m  above [1]. In the p r e sen t  a r t i c le  a m o r e  genera l  evaluation is proposed,  based 
on the use  of the k inemat ica l ly  poss ib le  field of the ve loc i ty  and a model  of  an inhomogeneous v iscous  in- 
c o m p r e s s i b l e  liquid. I f  the v i s c o s i t y  coeff icient  i s  de te rmined  f rom the condition of a m in imum of the eva lua-  
tion, i t  coincides with the known value [1]. The use of the proposed evaluation makes  it poss ib le  to obtain 
s imple  evaluat ions of the power  of the s u r f a c e s  and to calculate by success ive  approx imat ions  the min imal  
evaluation in a given c lass  of k inemat ica l ly  poss ib le  ve loci t ies .  

w i. Upper Evaluation of Power of Surface Forces 

~ii be any s t r e s s e s ,  in the region ~, sat isfying the equi l ibr ium equations Let  

ai*5,~ + f~ = 0, i = i, 2, 3, (1.1) 

the inequal i ty  

a~aij ~ 2~ ~, ~ = aij - -  8 i j ~ * ,  ~ * ~  T 8~fr (1.2) 

and, in the parL Scr of the boundary S of the region ~2, the conditions 

a~jvy = p,, i = 1, 2, 3. (1 .3)  

In (1.1)-(1.3) and in what follows a c a r t e s i a n  s y s t e m  of coordinates  i s  used; fi, Pi a r e  given functions; T is a 
constant;  v i a r e  the components  of an ex te rna l  unit normal  to the su r face  S. 

Let  u* be the components  of the vec to r  of the veloci ty ,  given a t  Su; Su=S - So; u i i s  some k inemat ica l ly  
poss ib le  field of  the ve loc i t i e s ,  i .e . ,  a field of  the ve loc i t i es  sat isfying the condition of i ncompres s ib i l i t y  in 

6~ju~,~ = 0 (1 .4)  

and the condition at  S u 

(~, - ~;)~ = 0 (1.5) 

The ve loc i t i e s  u i can have tangent ia l  discont inui t ies  a t  some  su r faces  Sk, k=  1, 2 . . . .  , m.  
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�9 We denote 

i IS .... r = Ixetl, e~ ~= T (  ~,~+ u~.O, 

where/~ is  some posi t ive function of the coordina tes .  F r o m  (1.2) we find 

and, consequently,  

F r o m  (1.1)-(1.5) we find 

_<• + ) oije~1 .-~ ~ "r q -  Ix2eue  u . (1.6) 

t~ - * d .I ei, eudfl > ~ (r,,v,ui.S Jr ~ Piu,dS + I h udlf~ - -x :~ ; [u]~ dS, 
fJ 8u 8 0 h h=t  Sk 

8u 8u 8u 

(1.7) 

where  [ul k is  the modulus of the tangential  discontinuity of the ve loc i t ies  u i at  Sk; [u] is the modulus of the 
di f ference in the tangential  components of  the ve loc i t i es  ui* and u i at  S u. 

F r o m  (1.6), (1.7), it  follows that  

i i~eljel j) df~ -F 
S u f J  

(1 .s) 

The inequali ty (1.8) contains an a r b i t r a r y  posit ive function p.  If it is  defined f rom the condition of a 
min imum of the r ight-hand par t  of (1.8), then 

Ix = 2 " d H ,  H 2 = 2 e u e  u (1.9) 

and inequal i ty  (1.8) goes over  into the well-known evaluation [1] of the power of the externa l  fo rces  at S u for  
a medium with a l imited intensi ty  of the tangential  s t r e s s e s  (1o2). 

Let  the k inemat iea l ly  possible  ve loc i t ies  be given as functions of the coordinates  and the p a r a m e t e r s  
Ok, k = l ,  2, . . . .  N. We denote the r ight-hand par t  of (L8) by G(~, Ok). To find the va lues  of c k :for which  
G(/z, o k) is  maximal ,  in the case (1.9) a sys tem of equations nonlinear wi th ' r e spec t  to c k mus t  be solved. A 
solution of this  sys t em can be obtained by success ive  approximations.  Obviously, 

(Ixnc~ ~) ~:minTG (Ix, c~) = G (P-n+l, c~) ~ min G (Ixn+ t, ca) = G (Ixn+ i, c~+t ), 

where/~n, c~, n = 0, 1, . . . ,  is  the sequence of the approximate  functions/~ and the sought va lues  of the p a r a m -  
e t e r s  Ck: The sys t em of equations of each of the approximat ions  is  l inear  with r e s p e c t  to those p a r a m e t e r s  
c k on which the kinemat ieaUy possible  field of the ve loc i t ies  and the discontinuit ies  of [u] k, [u] depend l inea r ly .  

Using (1.8), it  i s  s imple to obtain calculated evaluations,  assuming,  for  example,  that p is a constant or  
p iecewise-cons tan t  function in fL 
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w 2 .  A x i a l  C o m p r e s s i o n  o f  a R o u n d  C y l i n d e r  b y  F l a t  S l a b s  

Le t  a round  cy l inde r  with a d i a m e t e r  of  2a and a height  of  2h (Fig.  1) be c o m p r e s s e d  by absolu te ly  ha rd  
s l abs ,  so rough  tha t  the r ad ia l  d i s p l a c e m e n t s  of  p a r t i c l e s  of  the cy l inder  at  the con tac t  p lanes  a r e  equal  to 
zero, 

Let the kinematically possible axial velocity w be a cubic polynomial in z, whose coefficients do not 
depend on r; the kinematically possible radial velocity u is linear with respect to r. From the condition of 
incompressibility and the conditions 

we find 
wl~=h = --we, w[~=o = Ou/Oz]~= o = 0 

w = --~w0[1 + C(I - -  ~')1, u = --O/2)rdw/dz,  

e~je~j = (i/2)i3(dwldz) ~ + (il4)r~(#wldz 2) l, (2.1) 

w h e r e  ~ = z / h ;  c i s  a p a r a m e t e r  of  the k i n e m a t i c a l l y  poss ib le  f ield o f  the  ve loc i t i e s ;  w 0 i s  the v e l o c i t y  of  the 
mo t ion  of  a s lab.  We ca lcu la te  the uppe r  eva lua t ion  of the f o r c e  P o f  the c o m p r e s s i o n  of  the cy l inder ,  a s s u m i n g  
that ,  in  (1.8), in  the whole  v o l u m e  of  the  cy l inde r ,  the  function p i s  equal  to exac t ly  the s a m e  cons tant .  F r o m  
(1.8), (2.1), it fol lows that  

w h e r e  

�9 p ~ tl~t, + (J/40)[i0 + (8 § 5k2)P]~. + k(l - -  2c)/3V3, 

p = P / ~ a ' i V 3 ;  ~t. --- ~u;o] 3/v~, ~, = a/h. 

Minimiz ing  the r i g h t - h a n d  p a r t  of  (2.2) with r e s p e c t  to c, and then with r e s p e c t  to p . ,  we find 

p ~ it - -  40~,,27(8 § 5~.-~)1~, "~ + )J33/3. 

In the whole r ange  of  change  in X, the eva lua t ion  found d i f f e r s  only s l ight ly  f r o m  the r e s u l t s  of a ca lcula t ion 
of  the m i n i m a l  eva lua t ion  c o r r e s p o n d i n g  to the k inema t i c  field under  cons ide ra t i on  [1]. 

(2.2) 

w 3. The Impression of a System of Flat, Smooth Punches 

Let a system of absolutely hard punches with fiat bases be pressed with the velocity v 0 into the fiat sur- 
face of a medium in such a way that the deformation is plane; the deformation is symmetrical with respect to 
the lines x =0, x =• l (Fig. 2). 

As a kinematically possible field of the velocities in region 1 we take 

u = ~[l + cO1 - -  i/2)lvo, v = (i - -  ~)[i + (l/2)c~]vo; (3.1) 

in reg ion  2 

u = --(~ - -  ~ - -  a~)lt + c(n - -  ~12)lvol~, v = - - ( i  - -  n)lJ +(il2)c~lvo/~, (3.2) 

w h e r e  ~ = z/h; ~ =y/h; a~=a,/h; a2=a.,jh; ~---a.ja~; c, h a r e  the p a r a m e t e r s  o f  the f ield of the ve loc i t i e s ;  v 0 i s  the 
v e l o c i t y  of  the :motion of  the punches .  We ca lcu la te  the upper  evalua t ion  of  the fo rce  P of  the i m p r e s s i o n  of  a 
punch,  a s s u m i n g  that  t h e r e  i s  no f r i c t ion  a t  the contac t  s u r f a c e s ;  a l +  a 2 = Z ; the function ~ in (1.8) i s  equal to 
a cons tan t  va lue  o f #  1 in reg ion  1 and to a cons tant  va lue  o f #  2 in r eg ion  2. F r o m  (1.8), (3.1), and (3.2) i t  
fo l lows tha t  

2p~-~ i /9;  + ~t][i + c ' ( i  + a~)/12] +1/~.~ + , ~ [  i + c ' ( i  + 

l t ' ( 1  + i/~z)], (3.3) 
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ej 
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where  

p = P/4al"~; ~l = [lzVo/'~h; [12=[:t2vo/'~h~.. 

A solution of the nonlinear  s y s t e m  of equations with r e spec t  to the va lues  of/~l,/~2, c, h, co r r e spond ing to  
a min imum evaluat ion of (3.3), can be obtained by succes s ive  approximat ions .  We l imi t  ou r se lves  to the f i r s t  
approx imat ion .  De te rmin ing  IZl,/~2, h f r o m  a min imum of the evaluat ion of (3.3) with c = 0, we  find 

p ~ 2 - b ( l - k X ) / 2 V ~ ,  ~ - - - ~ = 1 ,  h=Vaza~. .  
* * 

Determin ing  o f r o m  the condition of a m i n i m um of the evaluat ion of (3.3) with the va lues  found for ~l,  ~2, h, 
we obtain 

p ~ l l /6 n u (i -k ~,)/2[/~,--', c = --2VM(I -k  )~). (3.4) 

In the case  of an ideal  r ig id ly  p la s t i c  medium,  the p r o b l e m  under considerat ion with I >- 0.5 has  solutions 
(Fig. 3) analogous to the solution of Hi11 and Prand t l  for  the i m p r e s s i o n  of a single punch [1]. According to 
these  solut ions 

p = t -~ •/2. (3.5) 

The dashed line in Fig. 4 co r r e sponds  to an evaluat ion of (3.4) and the solid line to the value of p 
accord ing  to (3.5). The d i f ference  between the evaluat ion and the value of p accord ing  to (3.5) with 0.5 -<X -< 2 
does not exceed 12%. The cons iderab le  d i f ference  with l a r g e r  va lues  of h is  explained by the fact  that,  in this 
ease ,  a continuous p las t i c  zone i s  not fo rmed  in the su r face  l aye r  of  the medium and, consequently,  the 
condition a t +  a 2 = l c o r r e s p o n d s  poor ly  to the actual  p ic ture  of  the deformat ion.  In this case ,  a be t te r  eva lua-  
t ion can be obtained by a s suming  that ,  in the region a t +  a2< x - - l ,  the ve loc i t i es  a r e  equal to zero ,  and d e t e r -  
mining a 2 f r o m  the condition of a minimum of the evaluation.  

1. 
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MEASUREMENT OF MULTIPOINT MOMENTS 

OF COMPOSITE STRUCTURES 

V. V. Dudukalenko, N. N. Lysach, 
and S. I. Meshkov 

UDC 539.2:531 

P r o b l e m s  of t h e r m a l  conductivity,  e las t ic i ty ,  and the v i s c o s i t y  of mul t iphase  solid m a t e r i a l s  have solu-  
t ions  in the fo rm of expansions with r e s p e c t  to mult ipoint  moments .  However ,  the use  of these  solutions is  
l imi ted  by the difficulty in de te rmina t ion  of the mult ipoint  momen t s ,  giving the r andom field of the p a r a m e t e r s ,  
which a r e  the s ta r t ing  point for  a theore t i ca l  invest igat ion.  Out of the exis t ing quanti ta t ive methods of s t a t i s -  
t ica l  e x p e r i m e n t  [4, 5], the mos t  p romis ing  is  op t i c a l - s t r uc tu r a l  ana lys i s ,  based  on the s to rage  of a signal,  
obtained f r o m  the output of a pickup of the optical  densi ty,  with scanning of the s t ruc tu re .  Subsequent auto-  
ma ted  introduction of the r ecord ing  of the signal into an e lec t ron ic  compute r  would make it  poss ib le  to use  
any given a lgo r i thms  for calculat ion of the p a r a m e t e r s  of the s t ruc tu re .  

Fo r  jus t i f i ca t ion  of the expe r imen ta l  method of de te rmin ing  mult ipoint  momen t s ,  le t  us  consider  the 
s t a t i s t i ca l ly  homogeneous  r andom fields A in the space  of the Car tes ian  coordinates  X i. The mult ipoint  
m o m e n t s  a r e  de te rmined  as  a r e su l t  of ave rag ing  

( A ( X ) A ( X ' ) A ( X " ) . . . > =  M(X' - -  X, X"  - -  X . . . .  ). (1) 

Fo r  a compos i te  medium,  the ass ignment  of the random field of  the de te rmin ing  p a r a m e t e r s  is  r e p r e -  
sented in the f o r m  of independent c h a r a c t e r i s t i c s ,  r e la t ing  to the physica l  p r o p e r t i e s  of each phase  separa te ly ,  
and the g e o m e t r y  of the dis t r ibut ion of the phase s  in space .  Let  A i be some phys ica l  p a r a m e t e r ,  cor responding  
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